Abstract. We prove that, for some classes of complex nilmanifolds, the Bott-Chern cohomology is completely determined by the Lie algebra associated to the nilmanifold with the induced complex structure. We use these tools to compute the Bott-Chern and Aeppli cohomologies of the Iwasawa manifold and of its small deformations, completing the computations in [26] by M. Schweitzer.
Introduction
On compact oriented Riemannian manifolds, Hodge theory allows to compute cohomology solving systems of differential equations. For nilmanifolds, namely, compact quotients of connected simply-connected nilpotent Lie groups by co-compact discrete subgroups, K. Nomizu proved in [21, Theorem 1] that the de Rham complex admits a finite-dimensional subcomplex, defined in Lie theoretic terms, as minimal model. Furthermore, also the Dolbeault cohomology often reduces to the cohomology of the corresponding finite-dimensional complex of forms on the Lie algebra: this happens, for example, for holomorphically parallelizable complex structures, as proved by Y. Sakane in [25, Theorem 1], or for rational complex structures, as proved by S. Console and A. Fino in [6, Theorem 2] ; see the surveys [5] and [24] and also [22] for more results in this direction.
Together with the Dolbeault cohomology, the Bott-Chern cohomology provides an important tool to study the geometry of complex manifolds: it is the bi-graded algebra defined by
X being a complex manifold. It turns out that there is a Hodge theory also for the Bott-Chern cohomology (see, e.g., [26, §2] ) and therefore, if X is compact, then the C-vector space H
•,• BC (X) is finite-dimensional; furthermore, if X is a compact Kähler manifold or, more in general, if X is in Fujiki class C, then the Dolbeault and Bott-Chern cohomologies coincide and they give a splitting for the de Rham cohomology algebra.
In this paper, we give some tools to compute the Bott-Chern cohomology ring of certain compact complex homogeneous manifolds. More precisely, let N = Γ\ G be a nilmanifold endowed with a G-left-invariant complex structure J and denote the Lie algebra naturally associated to G by g and its complexification by g C := g ⊗ R C. Dealing with G-left-invariant objects on N , we mean objects whose pull-back to G is invariant for the left-action of G on itself. For any k ∈ N and p, q ∈ N, we denote the space of smooth global sections of the bundle of real k-forms (respectively, complex k-forms, (p, q)-forms) on N by the symbol ∧ k N (respectively, ∧ k (N ; C),
.
We prove the following theorem, which extends the results in [25 [5, 24] , to the Bott-Chern case.
Theorem (see Theorem 2.8 and Theorem 2.9). Let N = Γ\ G be a nilmanifold endowed with a G-leftinvariant complex structure J and denote the Lie algebra naturally associated to G by g. Then, for every p, q ∈ N, the injective homomorphism in cohomology
induced by (1) is an isomorphism, provided one of the following conditions holds:
• N is holomorphically parallelizable;
• J is an Abelian complex structure;
• J is a nilpotent complex structure;
• J is a rational complex structure;
• g admits a torus-bundle series compatible with J and with the rational structure induced by Γ.
Moreover, the property of i being an isomorphism is open in the space of all G-left-invariant complex structures on N .
Similar results are obtained for a certain class of solvmanifolds. Then, we use these tools to explicitly compute the Bott-Chern cohomology for a three-dimensional holomorphically parallelizable nilmanifold, the so called Iwasawa manifold (see, e.g., [12] ) and for its small deformations. The Iwasawa manifold is one of the simplest example of non-Kähler manifold: indeed, being non-formal, see [12, page 158] , it admits no Kähler structure; it has been studied by several authors as a fruitful source of interesting behaviors: see, for example, [12, 19, 1, 3, 29, 2] . As regards the Dolbeault cohomology, I. Nakamura, in [19] , already computed the Hodge numbers for the Iwasawa manifold and for its small deformations: he used these computations to prove that the Hodge numbers are not invariant under small deformations, [19, Theorem 2] (compare also [29, §4] ), and that small deformations of a holomorphically parallelizable complex structure are not necessarily holomorphically parallelizable, [19, page 86] (compare also [23, Theorem 5.1, Corollary 5.2]). The Bott-Chern cohomology and its computation for the Iwasawa manifold appeared in the work by M. Schweitzer, see [26, §1.c] , while the computations of the Bott-Chern cohomology for its small deformations were there announced but never written. In particular, the computations in §4.3 show that one can use the Bott-Chern cohomology to get a finer classification of small deformations of the Iwasawa manifold than using the Dolbeault cohomology as in [19, page 96].
1. The Bott-Chern and Aeppli cohomologies of a complex manifold 1.1. The Bott-Chern cohomology. Let X be a compact complex manifold of complex dimension n and denote its complex structure by J. The Bott-Chern cohomology groups are defined, for p, q ∈ N, as
Note that, for every p, q ∈ N, the conjugation induces an isomorphism
BC (X) , unlike in the case of the Dolbeault cohomology groups. For every k ∈ N and for every p, q ∈ N, one has the natural maps
In general, these maps are neither injective nor surjective, see, e.g., the examples in [26, §1.c] or §4.3; if X satisfies the ∂∂-Lemma (for example, if X admits a Kähler structure or if X is in Fujiki class C), then the above maps are isomorphisms, see [10, Remark 5.16] .
We collect here some results on Hodge theory for the Bott-Chern cohomology, referring to [26, §2] (see also [4, §5] ). Fix g a J-Hermitian metric on X and define the 4-th order self-adjoint elliptic differential operator∆ 
moreover, being∆ BC a self-adjoint elliptic differential operator, the following result holds, see, e.g., [15, 
In particular, its Bott-Chern cohomology groups are finite-dimensional C-vector spaces.
1.2. The Aeppli cohomology. Let X be a compact complex manifold of complex dimension n and denote its complex structure by J. For p, q ∈ N, one defines the Aeppli cohomology group H p,q A (X) as
As for the Bott-Chern cohomology, the conjugation induces an isomorphism
A (X) for every p, q ∈ N. Furthermore, for every k ∈ N and for every p, q ∈ N, one has the natural maps
which are, in general, neither injective nor surjective; once again, the maps above are isomorphisms if X satisfies the ∂∂-Lemma, [10, Remark 5.16] , and hence, in particular, if X admits a Kähler structure or if X is in Fujiki class C. Fixed a J-Hermitian metric g on X and defined the 4-th order self-adjoint elliptic differential operator
one has an orthogonal decomposition
from which one gets an isomorphism
A (X) ≃ ker∆ A ; this proves that the Aeppli cohomology groups of a compact complex manifold are finite-dimensional C-vector spaces.
In fact, for any p, q ∈ N, one has that the Hodge- * -operator associated to a J-Hermitian metric induces an isomorphism
between the Bott-Chern and the Aeppli cohomologies.
Some results on cohomology computation
In this section, we collect some results about cohomology computation for nilmanifolds and solvmanifolds. Using these tools, one recovers the de Rham, Dolbeault, Bott-Chern and Aeppli cohomologies for the Iwasawa manifold and for its small deformations, see §4.1, §4.2 and §4.3.
Let X = Γ\ G be a solvmanifold, that is, a compact quotient of the connected simply-connected solvable Lie group G by a discrete and co-compact subgroup Γ; the Lie algebra naturally associated to G will be denoted by g and its complexification by g C := g ⊗ R C. Dealing with G-left-invariant objects on X, we mean objects on X obtained by objects on G that are invariant under the action of G on itself given by left-translation.
A G-left-invariant complex structure J on X is uniquely determined by a linear complex structure J on g satisfying the integrability condition
Therefore, the set of G-left-invariant complex structures on X is given by
Recall that the exterior differential d on X can be written using only the action of Γ(X; T X) on C ∞ (X) and the Lie bracket on the Lie algebra of vector fields on X. One has that the complex (
If a G-left-invariant complex structure on X is given, then one has also the double complex ∧
•,• g * C , ∂, ∂ , which is isomorphic, as a double complex, to the double subcomplex ∧
given by the G-left-invariant forms on X.
Lastly, given a G-left-invariant complex structure on G and fixed p, q ∈ N, one has also the following complexes and the following maps of complexes:
(2)
; the same can be repeated for the complex used to define the (p, q)-th Aeppli cohomology group. For ⋆ ∈ ∂, ∂, BC, A and K ∈ {R, C}, we will write H
• dR (g; K) and H
•,•
⋆ (g C ) to denote the cohomology groups of the corresponding complexes of forms on g, equivalently, of G-left-invariant forms on X. The rest of this section is devoted to the problem whether these cohomologies are isomorphic to the corresponding cohomologies on X.
Classical results on computation for the de Rham and Dolbeault cohomologies.
One has the following theorem by K. Nomizu, saying that the de Rham cohomology of a nilmanifold can be computed as the cohomology of the subcomplex of left-invariant forms.
Theorem 2.1 ([21, Theorem 1]). Let N = Γ\ G be a nilmanifold and denote the Lie algebra naturally associated to
) is a minimal model for N . In particular, the map of complexes
) is a quasi-isomorphism, that is, it induces an isomorphism in cohomology:
. The proof rests on an inductive argument, which can be performed since every nilmanifold can be seen as a principal torus-bundle over a lower dimensional nilmanifold. A similar result holds also in the case of completely-solvable solvmanifolds and has been proved by A. Hattori in [13, Corollary 4.2], as a consequence of the Mostow Structure Theorem (see also [27, Chapter 3] ). We recall that a solvmanifold X = Γ\ G is said completely-solvable if, for any g ∈ G, all the eigenvalues of Ad g are real, equivalently, if, for any X ∈ g, all the eigenvalues of ad X are real. 
that is, it induces an isomorphism in cohomology:
In general, for non-completely-solvable solvmanifolds the map of complexes (
is not necessarily a quasi-isomorphism, as the example in [9, Corollary 4.2, Remark 4.3] shows (for some results about the de Rham cohomology of solvmanifolds, see [7] ).
Considering nilmanifolds endowed with certain G-left-invariant complex structures, there are similar results also for the Dolbeault cohomology, see, e.g., [5] and [24] for surveys on the known results. (Some results about the Dolbeault cohomology of solvmanifolds have been recently proved by H. Kasuya, see [14] .) . Let N = Γ\ G be a nilmanifold and denote the Lie algebra naturally associated to G by g. Let J be a G-leftinvariant complex structure on N . Then, for every p ∈ N, the map of complexes 
• J is a rational complex structure (i.e., J (g Q ) ⊆ g Q where g Q is the rational structure for g -that is, a Q-vector space such that g = g Q ⊗ Q R-induced by Γ), see [6, Theorem 2]; • g admits a torus-bundle series compatible with J and with the rational structure induced by Γ, see [22, Theorem 1.10] .
We recall also the following theorem by S. Console and A. Fino. 
Let U ⊆ C(g) be the subset containing the G-left-invariant complex structures J on N such that the inclusion i is an isomorphism:
The strategy of the proof consists in proving that the dimension of the orthogonal of H
(N ) with respect to a given J-Hermitian G-left-invariant metric on N is an upper-semi-continuous function in J ∈ C (g) and thus if it is zero for a given J ∈ C (g), then it remains equal to zero in an open neighborhood of J in C (g). We will use the same argument in proving Theorem 2.9, which is a slight modification of the previous result in the case of the Bott-Chern cohomology.
The aforementioned results suggest the following conjecture. i : H
Note that, since i is always injective by [6, Lemma 9] , this is equivalent to ask that
where the orthogonality is meant with respect to the scalar product induced by a given J-Hermitian G-leftinvariant metric g on N .
2.2. Some results on computation for the Bott-Chern cohomology. We prove here some results about Bott-Chern cohomology computation for nilmanifolds and solvmanifolds. The first result is a slight modification of [6, Lemma 9] proved by S. Console and A. Fino for the Dolbeault cohomology: we repeat here their argument in the case of the Bott-Chern cohomology.
Lemma 2.6. Let X = Γ\ G be a solvmanifold endowed with a G-left-invariant complex structure J and denote the Lie algebra naturally associated to G by g. The map of complexes (2) induces an injective homomorphism between cohomology groups
Proof. Fix p, q ∈ N. Let g be a J-Hermitian G-left-invariant metric on X and consider the induced scalar product ·| · on ∧
•,• X. Hence both ∂, ∂ and their adjoints ∂ * , ∂ * preserve the G-left-invariant forms on X and therefore also∆ BC does. In such a way, we get a Hodge decomposition also at the level of G-left-invariant forms:
and therefore ω = 0.
The second general result says that, if the Dolbeault and de Rham cohomologies of a solvmanifold are computed using just left-invariant forms, then also the Bott-Chern cohomology is computed using just leftinvariant forms. The idea of the proof is inspired by [26, §1.c], where a similar argument is used to explicitly compute the Bott-Chern cohomology in the special case of the Iwasawa manifold.
Theorem 2.7. Let X = Γ\ G be a solvmanifold endowed with a G-left-invariant complex structure J and denote the Lie algebra naturally associated to G by g. Suppose that
Then also
We prove the theorem as a consequence of the following steps.
Step 1. We may reduce to study if
can be computed using just G-left-invariant forms. Indeed, we have the exact sequence
and, by hypothesis, H
• dR (X; C) can be computed using just G-left-invariant forms.
Step 2. Under the hypothesis that the Dolbeault cohomology is computed using just G-left-invariant forms, if ψ is a G-left-invariant ∂-closed form then every solution
(X) and hence φ − α is G-left-invariant up to a ∂-exact form, and so φ is.
Step 3. Under the hypothesis that the Dolbeault cohomology is computed using just G-left-invariant forms, the space
Decomposing η =: p,q η p,q in pure-type components, the equality (4) is equivalent to the system 
Applying several times
Step 2, we may suppose that, for ℓ ∈ {0, . . . , p − 1}, the forms η ℓ,p+q−ℓ−1 are G-leftinvariant: indeed, they are G-left-invariant up to ∂-exact terms, but ∂-exact terms give no contribution in the system, since it is modulo im ∂∂. Analogously, using the conjugate version of Step 2, we may suppose that, for ℓ ∈ {0, . . . , q − 1}, the forms η p+q−ℓ−1,ℓ are G-left-invariant. Then we may suppose that ω p,q = ∂η
As a corollary of Theorem 2.1, Theorem 2.3 and Theorem 2.7, we get the following result.
Theorem 2.8. Let N = Γ\ G be a nilmanifold endowed with a G-left-invariant complex structure J and denote the Lie algebra naturally associated to G by g. Suppose that one of the following conditions holds:
• g admits a torus-bundle series compatible with J and with the rational structure induced by Γ. Theorem 2.9. Let X = Γ\ G be a solvmanifold endowed with a G-left-invariant complex structure J and denote the Lie algebra naturally associated to G by g. Let ⋆ ∈ {∂, ∂, BC, A}. Suppose that
Then the de Rham, Dolbeault, Bott-Chern and Aeppli cohomologies can be computed as the cohomologies of the corresponding subcomplexes given by the space of G-left-invariant forms on N ; in other words, the inclusions of the several subcomplexes of G-left-invariant forms on N into the corresponding complexes of forms on N are quasi-isomorphisms:
i : H • dR (g; R) ≃ ֒→ H • dR (N ; R) and i : H •,• ⋆ (g C ) ≃ ֒→ H •,• ⋆ (N ) , for ⋆ ∈ {∂, ∂, BC, A}.i : H •,• ⋆J (g C ) ≃ ֒→ H •,• ⋆J (X) .
Then there exists an open neighbourhood
In other words, the set
Proof. As a matter of notation, for ε > 0 small enough, we consider
a complex-analytic family of G-left-invariant complex structures on X, where ∆(0, ε) := {t ∈ C m : |t| < ε} for some m ∈ N \ {0}; moreover, let {g t } t∈∆(0,ε) be a family of J t -Hermitian G-left-invariant metrics on X depending smoothly on t. We will denote by ∂ t := ∂ Jt and ∂ * t := − * gt ∂ Jt * gt the delbar operator and its g t -adjoint respectively for the Hermitian structure (J t , g t ) and we set ∆ t := ∆ ⋆J t one of the differential operators involved in the definition of the Dolbeault, conjugate Dolbeault, Bott-Chern or Aeppli cohomologies with respect to (J t , g t ); we remark that ∆ t is a self-adjoint elliptic differential operator for all the considered cohomologies.
By hypothesis, we have that H
, where the orthogonality is meant with respect to the scalar product induced by g 0 , and we have to prove the same replacing 0 with t ∈ ∆(0, ε). Therefore, it will suffice to prove that
is an upper-semi-continuous function at 0. For any t ∈ ∆(0, ε), being ∆ t a self-adjoint elliptic differential operator, there exists a complete orthonormal basis {e i (t)} i∈I of eigenforms for ∆ t spanning ∧
•,•
Jt g * C ⊥ , the orthogonal complement of the space of G-leftinvariant forms, see [16, Theorem 1] . For any i ∈ I and t ∈ ∆(0, ε), let a i (t) be the eigenvalue corresponding to e i (t); ∆ t depending differentiably on t ∈ ∆(0, ε), for any i ∈ I, the function ∆(0, ε) ∋ t → a i (t) ∈ C is continuous, see [16, Theorem 2] . Therefore, for any t 0 ∈ ∆(0, ε), choosing a constant c > 0 such that c ∈ {a i (t 0 ) : i ∈ I}, the function
is locally constant at t 0 ; moreover, for any t ∈ ∆(0, ε) and for any c > 0, we have
Since the spectrum of ∆ t0 has no accumulation point for any t 0 ∈ ∆(0, ε), see [16, Theorem 1] , the theorem follows choosing c > 0 small enough so that Ψ c (0
In particular, Theorem 2.8 and Theorem 2.9 say that the following conjecture, which generalizes Conjecture 2.5, holds for certain left-invariant complex structures on nilmanifolds. 
where ⋆ ∈ {∂, ∂, BC, A} and the orthogonality is meant with respect to the scalar product induced by a given J-Hermitian G-left-invariant metric g on N .
3. The Iwasawa manifold and its small deformations 3.1. The Iwasawa manifold. Let H(3; C) be the 3-dimensional Heisenberg group over C defined by
where the product is the one induced by matrix multiplication. It is straightforward to prove that H(3; C) is a connected simply-connected complex 2-step nilpotent Lie group, that is, the Lie algebra (
is a H(3; C)-left-invariant co-frame for the space of (1, 0)-forms on H(3; C) and that the structure equations with respect to this co-frame are
For the sake of completeness, we write also
Consider the action on the left of H (3;
) on H (3; C) and take the compact quotient
One gets that I 3 is a 3-dimensional complex nilmanifold, whose (H(3; C)-left-invariant) complex structure J 0 is the one inherited by the standard complex structure on C 3 ; I 3 is called the Iwasawa manifold. Since the forms ϕ 1 , ϕ 2 and ϕ 3 are H(3; C)-left-invariant, they define a co-frame also for T 1,0 I 3 * . Note that I 3 is a holomorphically parallelizable manifold, that is, its holomorphic tangent bundle is holomorphically trivial. Since, for example, ϕ 3 is a non-closed holomorphic form, it follows that I 3 admits no Kähler metric. In fact, one can show that I 3 is not formal, see [12, page 158] , therefore the underlying smooth manifold of I 3 has no complex structure admitting Kähler metrics, even though all the topological obstructions concerning the Betti numbers are satisfied.
We sketch in Figure 1 the structure of the finite-dimensional double complex
horizontal arrows are meant as ∂, vertical ones as ∂ and zero arrows are not depicted. 
where ε > 0 is small enough, ∆(0, ε) := s ∈ C 6 : |s| < ε and X 0 = I 3 . A set of holomorphic coordinates for X t is given by .
For every t ∈ ∆(0, ε), the universal covering of X t is C 3 ; more precisely,
where Γ t is the subgroup generated by the transformations
where
The first order asymptotic behaviour of σ 12 , σ 11 , σ 12 , σ 21 , σ 22 for t near 0 is the following:
and, more precisely, for deformations in class (ii) we actually have that
The complex manifold X t is endowed with the J t -Hermitian H(3; C)-left-invariant metric g t , which is defined as follows:
3.3. Computation of the structure equations for small deformations of the Iwasawa manifold. In this section, we give the structure equations for the small deformations of the Iwasawa manifold; we will use these computations in §4.2 and §4. 3 .
as a co-frame of (1, 0)-forms on X t . We want to write the structure equations for X t with respect to this co-frame. For the complex structures in the class (i), one checks that the structure equations are the same as the ones for
For small deformations in classes (ii) and (iii), we have that In the table below, we list the harmonic representatives with respect to the metric g 0 instead of their classes and we shorten the notation (as we will do also in the following) writing, for example, (X t ), for t small enough, can be computed using the considerations in §2.1 and the structure equations given in §3.3. We collect here the results of the computations. In order to reduce the number of cases under consideration, note that, on a compact complex Hermitian manifold X of complex dimension n, for any p, q ∈ N, the Hodge- * -operator induces an isomorphism between As regards 1-forms, we have that dim C H 1,0 ∂ (X t ) = 3 for t ∈ class (i) 2 for t ∈ classes (ii) and (iii) , which in particular means that X t is not holomorphically parallelizable for t in classes (ii) and (iii), see [19, pages 86, 96] , and that dim C H 0,1 ∂ (X t ) = 2 for t ∈ classes (i), (ii) and (iii) .
As regards 2-forms, we have that whose matrix has rank 0 for t ∈ class (i), rank 1 for t ∈ class (ii) and rank 2 for t ∈ class (iii); so, in particular, we get that dim C H 2,0 BC (X t ) = 2 for t ∈ class (ii) and dim C H 2,0 BC (X t ) = 1 for t ∈ class (iii) (more precisely, for t ∈ class (iii) we have H as one can easily note, the rank of the matrix involved is 0 for t ∈ class (i), while it is 1 or 2 depending on the values of the parameters and independently from t belonging to class (ii) or class (iii). Therefore
BC (X t ) = 7 for t ∈ subclasses (ii.a) and (iii.a) and dim C H
2,2
BC (X t ) = 6 for t ∈ subclasses (ii.b) and (iii.b) . 5-forms. Lastly, let us compute H 3,2 BC (X t ). It is straightforward to check that in particular, it does not depend on t ∈ ∆(0, ε).
